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Let X be a Banach space and µ be a ﬁnite measure space. It is shown
that if 1 ≤ p <∞resp
 1 < p <∞, the Bochner space LpµX contains asymp-
totically isometric copies of c0 resp
 l1 if and only if X does.  2001 Academic Press
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1. INTRODUCTION
Let X be a Banach space, µ be a ﬁnite measure space, and
1 ≤ p < ∞. We denote by LpµX the Banach space of all (equiva-
lence classes of) X-valued p-Bochner µ-integrable functions with its usual
norm. More generally, if E is a Ko¨the function space on µ then
EX denotes the space of all (equivalence classes of) X-valued measurable
functions f  → X with norm fEX = f ·XE .
For any given Banach space, it is important to recognize the structures
of its subspaces. In particular, it is of special interest to know if the given
space contains copies of classical spaces such as c0, lp, L1
0 1, C
0 1
among others.
In this note, we will concentrate mainly on the containment of c0 and l1
in vector-valued function spaces. It is a classical result of Kwapien´ [13] that
for 1 ≤ p <∞, LpµX contains isomorphic copies of c0 if and only if X
does. Similarly, Pisier [16] proved that for 1 < p < ∞, LpµX contains
isomorphic copies of l1 if and only if X does. Subsequently, several authors
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have obtained many different results on subspaces of Bochner spaces. For
more information in this line of research, we refer to the monograph of
Cembranos and Mendoza [2].
The notion of asymptotically isometric copies of c0 resp
 l1 was intro-
duced in [7] (resp
 [8]) and used to show that some spaces fail the ﬁxed
point property for nonexpansive self-maps on closed convex sets. Later, it
was noted that these notions also arise naturally in other areas of Banach
space theory (see for instance [5, 11]).
Motivated by Kwapien´’s result on one hand and Pisier’s result on the
other, we consider the question of when do Bochner spaces contain asymp-
totically isometric copies of c0 or asymptotically isometric copies of l1. As
these notions of asymptotic isometries are intermediate between the iso-
metric theory and the isomorphic theory, we remark that L1µX contains
isometric copies c0 if and only if X does. This can be seen from a paper of
Lin [14] (although it is not explicitly stated there). The main results of this
paper state that as in the isomorphic cases, if 1 ≤ p < ∞ then LpµX
contains asymptotically isometric copies of c0 if and only if X does. Simi-
larly, if 1 < p <∞ then LpµX contains asymptotically isometric copies
of l1 if and only if X does. Our proofs rely on extensions of some char-
acterizations of isometries into Bochner spaces by Koldobsky [12] and Lin
[14] to spaces of measures and various characterizations of asymptotically
isometric c0 resp
 l1 sequences.
Our notation and terminology are standard as may be found in [3, 17].
2. DEFINITIONS AND PRELIMINARY RESULTS
The following two deﬁnitions isolate the topic of this paper.
Deﬁnition 1 [8]. A Banach space X contains an asymptotically iso-
metric copy of c0 if, for every null sequence εn∞n=1 in 0 1, there exists
a sequence xn∞n=1 in X such that
sup
n
1− εntn ≤
∥∥∥∥∑
n
tnxn
∥∥∥∥ ≤ sup
n
1+ εntn
for all ﬁnite sequence tn of scalars.
Deﬁnition 2 [7]. A Banach space X contains an asymptotically iso-
metric copy of l1 if, for every null sequence εn∞n=1 in 0 1, there exists a
sequence xn∞n=1 in X such that∑
n
1− εntn ≤
∥∥∥∥∑
n
tnxn
∥∥∥∥ ≤∑
n
tn
for all ﬁnite sequence tn of scalars.
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The following alternative way of ﬁnding asymptotically isometric copies
of c0 in Banach spaces was discovered in [8, Theorem 2] and will be used
repeatedly throughout.
Proposition 3. A Banach space X contains an asymptotically isometric
copy of c0 if and only if there exist a sequence xn∞n=1 in X and constants
0 < m < M <∞ such that for all ﬁnite sequence tn of scalars,
m sup
n
tn ≤
∥∥∥∥∑
n
tnxn
∥∥∥∥ ≤M sup
n
tn
and
lim
n→∞xn =M

Recall that if a sequence xn∞n=1 in a Banach space X is equivalent to
c0 then the series
∑∞
n=1 xn is a weakly unconditionally Cauchy series in X
(see for instance [3, Theorem 6, p. 44]) so if xn∞n=1 is equivalent to c0
and A is an inﬁnite subset of  then weak∗ −∑n∈A xn exists in X∗∗. The
following result provides a connection to the isometric theory.
Proposition 4 [6]. Let X be a Banach space, xn∞n=1 be a sequence in
X that is asymptotically isometric to c0, and  = ∪j∈j be a partition of 
into inﬁnite disjoint subsets. If we set x∗∗j = weak∗ −
∑
n∈j xn ∈ X∗∗ for every
j ≥ 1 then x∗∗j ∞j=1 is isometric to the unit vector basis of c0 in X∗∗.
For the case of l1, the following result was proved by Dilworth et al. [5]
and will be used in the sequel.
Proposition 5 [5]. For a Banach space X, the following are equivalent.
(i) X contains asymptotically isometric copies of l1;
(ii) L1
0 1 is linearly isometric to a subspace of X∗.
For the rest of this section, we will give fundamental facts about duals
of Bochner spaces. In particular, we will provide characterizations of the
linear isometries from c0, L1
0 1 into spaces of vector measures as an
extension of those considered by Koldobsky [12] and Lin [14].
Throughout, c00 denotes the space of ﬁnitely supported sequences of
scalars. We recall that if X is a Banach space a map h → X∗ is weak∗-
scalarly measurable if h· x is measurable for every x ∈ X. The word
operator will always mean linear bounded operator and XY  will stand
for the Banach space of all operators from X into Y . We also recall that
if X and Y are Banach spaces then XY ∗ is the dual of Banach space
X⊗̂πY (where X⊗̂πY denotes the projective tensor product of X with Y ).
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With this duality, a map U  µ → XY ∗ is weak∗-scalarly mea-
surable if and only if for every x ∈ X and y ∈ Y , the map ω→ Uωx y
is measurable.
The following fact is well known.
Proposition 6. Let E be an order continuous Ko¨the function space on the
ﬁnite measure space µ. For each  ∈ EX∗, there exists h  → X∗
such that:
(i) h is weak∗-scalarly measurable;
(ii) the map ω → hω belongs to E∗;
(iii) f  = ∫f ω hω dµω for all f ∈ EX;
(iv)  = h·E∗ .
Conversely, any map satisfying (i) and (ii) deﬁnes a functional  ∈ EX∗
with the duality given in (iii).
For a Ko¨the function space E, we will denote by EX∗σ the space of all
(equivalence classes of) weak∗-scalarly measurable functions h  → X∗
such that h· ∈ E. Proposition 6 states that EX∗ = E∗X∗σ.
Proposition 7. Let Z be a separable Banach space and T  c0 →
L1
0 1, Z∗σ be an isometry. There exist a weak∗-scalarly measurable map
U  
0 1 → c0 Z∗ and a map h ∈ L1
0 1 so that
(i) Txt = ht ·Utx for all x ∈ c0;
(ii) h1 = 1;
(iii) Ut is an isometry for all t ∈ 
0 1.
Proof. Let enn be the unit vector basis of c0. Set h· = T e1·.
Since T is an isometry, h1 = 1.
Claim. For every x ∈ c00 with x = 1, T x· = h· almost every-
where.
To see this claim, let n > 1, 2en = en − e1 + en + e1 and en − e1 =
en + e1 = 1
2
∫ 1
0
T entdt = 2T en
≤ T en − e1 + T en + e1
=
∫ 1
0
T en − e1t + T en + e1tdt
= 2
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So all inequalities above are equalities. In particular,
2
∫ 1
0
T entdt =
∫ 1
0
T en − e1t + T en + e1tdt

Since 2T ent ≤ T en − e1t + T en + e1t for all t and∫ 1
0 T en − e1t + T en + e1t − 2T entdt = 0, we get that for
a.e. t,
2T ent = T en − e1t + T en + e1t

Reversing the role of en and e1 in the argument above would also give for
a.e. t,
2T e1t = T en − e1t + T en + e1t

These two inequalities show that for all n > 1 and a.e. t,
T ent = T e1t = ht

Let x ∈ c00, x = 1. Since x is ﬁnitely supported, there exists n > 1 so
that x and en are disjointly supported. So 2x = x − en + x + en and
x − en = x + en = 1 and a similar argument as above shows that for
a.e. t,
T xt = T ent = ht

This claim is proved.
To complete the proof, set
B =
{ n∑
j=1
αjej αj ∈  n ≥ 1
}


The set B is a countable dense subset of c0. Choose D with m
0 1 \D =
0 so that for every x1 and x2 in B and every t ∈ D,
T xjt = htxj for j = 1 2
and
T x1 + x2t = T x1t + T x2t

For t ∈ D with ht = 0, deﬁne Ut B → Z∗ by setting
Utx = T xt
ht 

Since B is dense in c0, Ut can be extended to a linear isometry from
c0 into Z∗. For t ∈ D ∩ h = 0, deﬁne Ut = S for a ﬁxed isometry
S ∈ c0 Z∗. The operator Ut is well deﬁned for all t.
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Claim. For every x ∈ c0, T x· = h·U·x almost everywhere.
Let xkk be a sequence in B so that limk→∞ xk − x = 0. It is clear
that
lim
k→∞
∫ 1
0
T xkt − T xtdt = 0
and since for a.e. t, T xkt = htUtxk, we get that
lim
k→∞
∫ 1
0
htUtxk − T xtdt = 0
which shows that
0 = lim
k→∞
∫
h=0
T xtdt +
∫
h =0
htUtxk − T xtdt
=
∫
h=0
T xtdt + lim
k→∞
∫
h =0
htUtxk − T xtdt
=
∫
h=0
T xtdt +
∫
h =0
htUtx− T xtdt

Therefore T xt = 0 for almost all t ∈ h = 0 and htUtx =
T xt for almost all t ∈ h = 0. This proves that T xt = htUtx
for almost all t ∈ 
0 1.
The weak∗-measurability of U· also follows from the fact that T x ∈
L1
0 1 Z∗σ.
Remark. Minor modiﬁcations to the above proof would give the same
result if 
0 1  m is replaced by any arbitrary ﬁnite measure space.
Let  be a compact Hausdorff space and X be a Banach space. We
denote by CX the space of all X-valued continuous functions with
domain . It is a well known fact that CX∗ is isometrically isomorphic
to MX∗ (see [4, p. 182]) where MX∗ is the space of all regular
X∗-valued countably additive measure on the Borel measure space 
with the usual total variation norm.
For m ∈MX, we denote by m its variation. Let λ be a probability
measure on  with m ≤ λ and consider a lifting ρ of L∞λ [10]. For each
x∗ ∈ X∗, the scalar measure x∗ ◦m has density dx∗ ◦m/dλ ∈ L∞λ. We
deﬁne ρmω to be the element in X∗∗ deﬁned by
ρmω = ρ
(
dx∗ ◦m
dλ
)
ω

It is well known that x∗mA = ∫Aρmω x∗dλω for each measur-
able subset A of  and each x∗ ∈ X∗. Similarly, it can be shown that
mA =
∫
A
ρmωdλω for every A ∈ 
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In the case X = Y ∗ is a dual space, ρmω will be the element of X
deﬁned by
ρmωy = ρ
(
dy ◦m
dλ
)
ω for every y ∈ Y

Corollary 8. Let X be a Banach space and  be a compact Hausdorff
space. The space MX∗ contains a subspace isometric to c0 if and only if
X∗ does.
Proof. Let T  c0 −→ MX∗ be an isometry. Since c0 is separable,
the range of T is a separable subspace of MX∗. Let mn n ∈  be a
countable dense subset of the unit ball of T c0. Deﬁne λ =
∑∞
n=1 mn/2n.
Using the weak∗-densities described above, mn can be viewed as an element
of L1λX∗σ. Therefore the operator T can be viewed as an operator from
c0 into L1λX∗σ. Moreover, using a result of Heinrich and Mankiewicz
(see Proposition 3.4 of [9]), we can reduce the general case to the case
where X is separable.
The next result can be proved using a similar argument as in [14,
Theorem 1] in which strongly measurable operator-valued functions are
replaced with weak∗-scalarly measurable functions. Details will be left to
the interested readers.
Proposition 9. Let Z be a separable Banach space, E be a strictly convex
Ko¨the function space on a ﬁnite measure space µ, and T  L1
0 1 →
EZ∗σ be an isometry. There exist a weak∗-scalarly measurable map U  →
L1
0 1 Z∗ and a map h ∈ E so that
(i) Txω = hω ·Uωx for all x ∈ L1
0 1;
(ii) hE = 1;
(iii) Uω is an isometry for all ω ∈ .
3. MAIN RESULTS
Theorem 10. Let X be a Banach space and E be an order continuous
Ko¨the function space on a ﬁnite measure space µ with the Fatou prop-
erty. Then X contains asymptotically isometric copies of c0 if and only if EX
does. In particular, if 1 ≤ p < ∞, then X contains asymptotically isometric
copies of c0 if and only if LpµX does.
To prove this theorem we will employ the same strategy as Bourgain
[1, 2]. We ﬁrst prove that if EX contains an asymptotically isometric
copy of c0, then there is a sequence xn∞n=1 in X such that rn ⊗ xn∞n=1
is an asymptotically isometric copy of c0 in L1
0 1 X, where rn∞n=1
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is the usual Rademacher sequence in L1
0 1. We then deviate slightly
from the Bourgain strategy by showing that the sequence xn∞n=1 has a
block subsequence (rather than just a subsequence) that is an asymptotically
isometric copy of c0 in X.
Proposition 11. If EX contains asymptotically isometric copies of c0
and rn∞n=1 is the sequence of the Rademacher functions then there exists a
sequence xn∞n=1 in X such that rn ⊗ xn∞n=1 is an asymptotically isometric
copy of c0 in L1
0 1 X.
Proof. Using Proposition 3, let fn∞n=1 be a sequence in EX and 0 <
m < M <∞ be constants so that for any ﬁnite sequence of scalars tn,
m sup
n
tn ≤
∥∥∥∥∑
n
tnfn
∥∥∥∥ ≤M sup
n
tn and lim
n→∞fn =M
(3.1)
For each n ≥ 1 and ω ∈ , set
ξnω =
∫ 1
0
∥∥∥∥ n∑
i=1
ritfiω
∥∥∥∥dt = 12n ∑
θi=±1
∥∥∥∥ n∑
i=1
θifiω
∥∥∥∥

Clearly ξn belongs to L1µ. Moreover, ξn∞n=1 is an increasing sequence
in L0µ and ξnE ≤ 1/2n
∑
θi=±1 
∑n
i=1 θifiEX. So for every n ≥ 1,
ξnE ≤ M . Since E has the Fatou property, it follows that supk ξk ∈ E
with  supk ξkE ≤M .
Observe that ξnω ≥ fnω for every n ≥ 1. This implies that
supk ξk ≥ fn· for every n ≥ 1.
Let 0n = supj≥n fj·. The sequence 0n∞n=1 is decreasing to 0 =
limn→∞fn· and since E is order continuous, limn→∞ 0n −0E = 0. In
particular limn→∞ 0nE = 0E . But
fn· ≤ 0n ≤ sup
k
ξk

Taking the limit (as n→∞),
M = lim
n→∞fnEX ≤ 0E ≤
∥∥∥∥sup
k
ξk
∥∥∥∥
E
≤M

So all inequalities become equalities.
We get 0 ≤ 0 ≤ supk ξk and 0E =  supk ξkE .
Fix u ∈ E∗ a norming functional for 0. Since 0 ≥ 0, one can always
take u to be positive. One gets 0 ≤ u0 ≤ u supk ξk and u0L1 = 0E =
 supk ξkE ≥ u supk ξkL1 which shows u0L1 = u supk ξkL1 and since
L1µ is strictly monotone, u0 = u supk ξk.
Let A be the support of u. Clearly µA > 0 and since u0 = u supk ξk,
0ω = sup
k
ξkω
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for every ω ∈ A; that is,
lim
n→∞fnω = supn
∫ 1
0
∥∥∥∥ n∑
i=1
ritfiω
∥∥∥∥dt
for every ω ∈ A.
To complete the proof, ﬁx ω0 ∈ A and consider mk∞n=1 a strictly
increasing sequence in  so that limk→∞ fmkω0 = limn→∞fnω0.
For every k ≥ 1, set
xk = fmkω0
and
C = sup
n
(∫ 1
0
∥∥∥∥ n∑
i=1
ritxi
∥∥∥∥dt
)


It is clear that∥∥∥∥∑
i
airi ⊗ xi
∥∥∥∥
L1
01X
=
∫ 1
0
∥∥∥∥∑
i
airitxi
∥∥∥∥dt ≤ C sup
i
ai
for every aii ∈ c00 and
lim
i→∞
ri ⊗ xiL1
01X = lim
i→∞
xi = C

In particular, the sequence rn ⊗ xn∞n=1 satisﬁes the conditions of Proposi-
tion 3 in the space L1
0 1 X. The proof is complete.
Proof of Theorem 10. Since X is isometric to a subspace of EX, one
implication is trivial. For the non-trivial implication, we can assume, by
Proposition 11, that X contains a sequence xn∞n=1 such that
sup
n
(∫ 1
0
∥∥∥∥ n∑
i=1
ritxi
∥∥∥∥dt
)
≤ 1 and lim
n→∞xn = 1
(3.2)
By a result of Bourgain ([1], see also [2, p. 46]), we can assume, by taking
a subsequence if necessary, that
xn∞n=1 is equivalent to c0
(3.3)
Fix a non-increasing sequence δn∞n=2 of positive numbers such that∏∞
i=21 + δi < ∞. Using the Bessaga–Pełczyn´ski selection principle (see
[3, p. 42]), we can assume that∥∥∥∥ n∑
i=1
aixi
∥∥∥∥ ≤ 1+ δn+1
∥∥∥∥ m∑
i=1
aixi
∥∥∥∥(3.4)
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if n < m and a1 
 
 
  am are scalars. We will also assume without loss of
generality that
X = spanxn n ≥ 1
(3.5)
We will show that the sequence xn∞n=1 has a block basis satisfying the
conditions of Proposition 3.
Let  = ⋃∞j=1j where the j ’s are inﬁnite and disjoint. Since
rn ⊗ xn∞n=1 is an asymptotically isometric copy of c0 in L1
0 1 X ⊆
M
0 1 X∗∗ = C
0 1 X∗∗, we obtain from Proposition 4 that
weak∗ −∑n∈j rn ⊗ xn∞j=1 is an isometric copy of c0 in M
0 1 X∗∗.
Note that for every t ∈ 
0 1 and every j ≥ 1, the series ∑n∈j rntxn
is a weakly unconditionally Cauchy series in X. Therefore, weak∗ −∑
n∈j rntxn exists in X∗∗. Moreover, the norm-measurability of the
ﬁnite sum implies that the map t −→ weak∗ − ∑n∈j rntxn is weak∗-
scalarly measurable as a map from 
0 1 into X∗∗. In particular, for every
j ≥ 1, 0j· = weak∗ −
∑
n∈j rn·xn is an element of L1
0 1X∗∗σ  and
can be seen to be a weak∗-density (with respect to the Lebesgue mea-
sure m) of weak∗ −∑n∈j rn ⊗ xndm in M
0 1X∗∗. Indeed, if we
denote by Fj the X∗∗-valued measure that is the weak
∗-sum of the series∑
n∈j rn ⊗ xndm in M
0 1X∗∗ then for every f ∈ C
0 1 and
x∗ ∈ X∗,
Fj f ⊗ x∗ =
∑
n∈j
∫ 1
0
rntf txn x∗dt
=
∫ 1
0
∑
n∈j
rntxn x∗f tdt
=
∫ 1
0
0jt f tx∗dt

This shows 0j is a weak
∗-density of Fj with respect to the Lebesgue
measure. There exists an isometry T  c0 → L1
0 1 X∗∗σ  that takes ej
to 0j for every j ≥ 1. Note also that since X is isomorphic to c0, X∗ is
separable so Proposition 7 applies to T .
There exist h 
0 1 →  and U  
0 1 → c0X∗∗ weak∗-scalarly
measurable with h1 = 1; the Ut’s are isometries from c0 into X∗∗ such
that
weak∗ − ∑
n∈j
rntxn = htUtej
for a.e. t ∈ 
0 1 and j ∈ .
For each j ∈ , let j = nj1  nj2  nj3  
 
 
 be the enumeration of j
with nj1 < n
j
2 < · · · < njk < · · · and for k ≥ 1, set kj = nj1  
 
 
  njk .
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Lemma 12. For almost all t ∈ 
0 1, limk→∞ 
∑
n∈kj rntxnX =
weak∗ −∑n∈j rntxnX∗∗ .
To prove this lemma, notice that weak∗ − ∑n∈j rntxn = weak∗ −
limk→∞
∑
n∈kj rntxn so for every t ∈ 
0 1,∥∥∥∥weak∗ − ∑
n∈j
rntxn
∥∥∥∥
X∗∗
≤ lim
k→∞
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X


From the representation above,
1 =
∫ 1
0
htdt
=
∫ 1
0
∥∥∥∥weak∗ − ∑
n∈j
rntxn
∥∥∥∥
X∗∗
dt
≤
∫ 1
0
lim
k→∞
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
dt
≤ lim
k→∞
∫ 1
0
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
dt
≤ lim
k→∞
∥∥∥∥∥ ∑
n∈kj
rn· ⊗ xn
∥∥∥∥∥
L1
01X
≤ 1

So all inequalities above become equalities. In particular,∫ 1
0
lim
k→∞
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
−
∥∥∥∥weak∗ − ∑
n∈j
rntxn
∥∥∥∥
X∗∗
dt = 0
and since the integrand is positive, we get that for almost all t ∈ 
0 1,
lim
k→∞
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
=
∥∥∥∥weak∗ − ∑
n∈j
rntxn
∥∥∥∥
X∗∗


Let B be a measurable subset of 
0 1 with mB = 1 and for every t ∈ B,
lim
k→∞
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
=
∥∥∥∥weak∗ − ∑
n∈j
rntxn
∥∥∥∥
X∗∗
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Claim. For every t ∈ B, limk→∞ 
∑
n∈kj rntxnX = weak
∗ −∑
n∈j rntxnX∗∗ .
To see this claim, we notice from (3.4) that∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
≤ (1+ δ
n
j
k +1
)∥∥∥∥∥ ∑
n∈k+1j
rntxn
∥∥∥∥∥
X
≤ 1+ δk+1
∥∥∥∥∥ ∑
n∈k+1j
rntxn
∥∥∥∥∥
X
so the sequence ∏km=21 + δn∑n∈kj rntxnX∞k=2 is an increasing
sequence.
For any ﬁxed t ∈ B, choose a strictly increasing sequence mk∞k=1 in 
such that
lim
k→∞
∥∥∥∥∥weak∗ − ∑
n∈mkj
rntxn
∥∥∥∥∥
X
=
∥∥∥∥ ∑
n∈j
rntxn
∥∥∥∥
X∗∗


This gives that
lim
k→∞
(
mk∏
m=2
1+δm
∥∥∥∥∥ ∑
n∈mkj
rntxn
∥∥∥∥∥
X
)
=
∞∏
m=2
1+δm
∥∥∥∥weak∗− ∑
n∈j
rntxn
∥∥∥∥
X∗∗
and since ∏km=21+ δm∑n∈kj rntxnX∞k=2 is an increasing sequence,
sup
k∈
(
k∏
m=2
1+δm
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
)
=
∞∏
m=2
1+δm
∥∥∥∥weak∗− ∑
n∈j
rntxn
∥∥∥∥
X∗∗
which gives
sup
k∈
1∏
m>k1+δm
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
=
∥∥∥∥weak∗− ∑
n∈j
rntxn
∥∥∥∥
X∗∗


So for every k≥1,∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
≤ ∏
m>k
1+δm
∥∥∥∥weak∗− ∑
n∈j
rntxn
∥∥∥∥
X∗∗
and taking the limit on k gives
lim
k→∞
∥∥∥∥∥ ∑
n∈kj
rntxn
∥∥∥∥∥
X
≤
∥∥∥∥weak∗− ∑
n∈j
rntxn
∥∥∥∥
X∗∗


The lemma is proved.
copies of c0 and l1 431
With just notational adjustments on the proof of the lemma above, one
can show that for any ﬁnite sequence ajj of scalars,
lim
k→∞
∥∥∥∥∥∑
j
aj
∑
n∈kj
rntxn
∥∥∥∥∥
X
=
∥∥∥∥∑
j
aj
(
weak∗− ∑
n∈j
rntxn
)∥∥∥∥
X∗∗
(3.6)
for a.e. t∈
01.
To complete the proof of the theorem, let ε>0. One can choose a subset
A of 
01 with mA>1−ε such that for every ﬁnite sequence of rationals
ajj ,
lim
k→∞
∥∥∥∥∥∑
j
aj
∑
n∈kj
rntxn
∥∥∥∥∥
X
=
∥∥∥∥∑
j
aj
(
weak∗− ∑
n∈j
rntxn
)∥∥∥∥
X∗∗
=htsup
j
aj
uniformly on A.
Let j1=1 and choose k1≥1 so that(
1− 1
2
)
ht≤
∥∥∥∥∥ ∑
n∈k1j1
rntxn
∥∥∥∥∥
X
≤ht
(
1+ 1
2
)
for all t∈A.
Since k1j1 is a ﬁnite set, one can choose j2 so that j2 >jk11
(that is,
minn n∈j2>maxn n∈jk11 ). As above, choose k2>k1 so that
ht
(
1− 1
22
)
≤
∥∥∥∥∥ ∑
n∈k2j2
rntxn
∥∥∥∥∥
X
≤ht
(
1+ 1
22
)
and inductively, we can construct a sequence of ﬁnite subsets of  with

k1
j1
<
k2
j2
< ···<kmjm < ···
and so that for every m≥1 and t∈A,
ht
(
1− 1
2m
)
≤
∥∥∥∥∥ ∑
n∈kmjm
rntxn
∥∥∥∥∥
X
≤ht
(
1+ 1
2m
)

(3.7)
Lemma 13. For every t∈A and every l≥1, if amm≤l is a ﬁnite sequence
of rationals with supm≤l am=1 then∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)∥∥∥∥∥
X
≤1+δlht
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Fix l∈ and amlm=1 as above. By (3.4), if y∈X is of ﬁnite support and
suppy⊆njlkl ∞, then∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)∥∥∥∥∥
X
≤
(
1+δ
n
jl 
kl
)∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)
+y
∥∥∥∥∥
X


So∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)∥∥∥∥∥
X
≤1+δl
∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)
+y
∥∥∥∥∥
X


In particular, for every s>njlkl ,∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)∥∥∥∥∥
X
≤1+δl
∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm ∪jm∩n
jl
kl
s
rntxn
)∥∥∥∥∥
X


If we set m=kmjm ∪jm∩n
jl
kl
∞ for m≤ l and m=jm for m>l,
then m∞m=1 is a sequence of mutually disjoint inﬁnite subsets of .
Claim. For almost all t∈A, weak∗−∑n∈m rntxnX∗∗ =ht.
As above, weak∗−∑n∈m rn·xn∞m=1 would be an isometric copy of c0
in L1
01X∗∗σ  so by Proposition 7, there exist h′ ∈L1
01 with h′1=1
and U ′ 
01→c0X∗∗ a weak∗-scalarly measurable so that for every
m≥1,
weak∗− ∑
n∈m
rntxn=h′tU ′ten

This implies that for every m≥1, weak∗−∑n∈m rntxnX∗∗ =h′t.
But for m≥ lm=jm so h′t=weak∗−
∑
n∈m rntxnX∗∗ =weak∗−∑
n∈jm rntxnX∗∗ =ht. Therefore h′t=ht for almost all t∈A,
and thus the claim follows.
For the lemma, we note that ∑lm=1amweak∗−∑n∈m rntxnX∗∗ =
ht for almost all t∈A, and as above, if s≥njlkl ,∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)∥∥∥∥∥
X
≤1+δl
∥∥∥∥∥ l∑
m=1
am
( ∑
n∈sm
rntxn
)∥∥∥∥∥
X
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By taking the limit on s, we get as in (3.6) that∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)∥∥∥∥∥
X
≤1+δl
∥∥∥∥ l∑
m=1
am
(
weak∗− ∑
n∈m
rntxn
)∥∥∥∥
X∗∗
=1+δl ht
for almost all t∈A. This completes the proof of the lemma.
To complete the proof of the theorem, ﬁx a measurable subset B of A
with mB=mA and so that for every t∈B and every amlm=1 ﬁnite
sequence of rationals,∥∥∥∥∥ l∑
m=1
am
( ∑
n∈kmjm
rntxn
)∥∥∥∥∥
X
≤1+δlhtsup
m≤l
am

Let t0∈B and for every m≥1, set
ym =
1
1+δm
( ∑
n∈kmjm
rnt0xn
)


The sequence ymm is a c0-basis in X and satisﬁes
ht0
1+δm
(
1− 1
2m
)
≤ymX≤
ht0
1+δm
(
1+ 1
2m
)


Moreover, for any ﬁnite sequence amlm=1 of scalars,∥∥∥∥ l∑
m=1
amym
∥∥∥∥
X
=
∥∥∥∥∥ l∑
m=1
am
1+δm
( ∑
n∈kmjm
rnt0xn
)∥∥∥∥∥
X
≤1+δlht0 sup
1≤m≤l
am
1+δm
≤ht0 sup
1≤m≤l
am

So limm→∞ymX=ht0 and 
∑
mamymX≤ht0sup1≤m≤l am. By
Proposition 3, this completes the proof.
The next result is the analogue for the l1-case.
Theorem 14. Let X be a Banach space and E be a smooth Ko¨the func-
tion space on a ﬁnite measure space µ. Then X contains asymptotically
isometric copies of l1 if and only if EX does. In particular, if 1<p<∞, then
X contains asymptotically isometric copies of l1 if and only if LpµX does.
Proof. If EX contains asymptotically isometric copies of l1 then by
Proposition 5, E∗X∗σ contains isometric copies of L1
01. Also if E is
smooth then E∗ is strictly convex (see [15]). The conclusion follows directly
from Proposition 9.
434 dowling and randrianantoanina
REFERENCES
1. J. Bourgain, An averaging result for c0-sequences, Bull. Soc. Math. Belg. Se´r. B 30 (1978),
83–87.
2. P. Cembranos and J. Mendoza, “Banach Spaces of Vector-Valued Functions,” Lecture
Notes in Mathematics, Vol. 1676, Springer-Verlag, New York/Berlin, 1997.
3. J. Diestel, “Sequences and Series in Banach Spaces,” 1st ed., Graduate Text in Mathe-
matics, Vol. 92, Springer Verlag, New York, 1984.
4. J. Diestel and J. J. Uhl, Jr., “Vector Measures,” Math. Surveys, Vol. 15, Amer. Math. Soc.,
Providence, 1977.
5. S. Dilworth, M. Girardi, and J. Hagler, Dual Banach spaces which contain an isometric
copy of L1, Bull. Polish Acad. Sci. Math. 48 (2000), 1–12.
6. P. Dowling, Isometric copies of c0 and l∞ in duals of Banach spaces, J. Math. Anal. Appl.
244 (2000), 223–227.
7. P. Dowling and C. Lennard, Every non-reﬂexive subspace of L1 fails the ﬁxed point prop-
erty, Proc. Amer. Math. Soc. 125 (1997), 443–446.
8. P. Dowling, C. Lennard, and B. Turett, Asymptotically isometric c0 in Banach spaces,
J. Math. Anal. Appl. 219 (1998), 377–391.
9. S. Heinrich and P. Mankiewicz, Applications of ultrapowers to the uniform and Lipschitz
classiﬁcation of Banach spaces, Studia Math. 73 (1982), 225–251.
10. A. Ionescu-Tulcea and C. Ionescu-Tulcea, “Topics in the Theory of Lifting,” 1st ed., Ergeb.
Math. Grenzgeb., Vol. 48, Springer-Verlag, Berlin/New York, 1969.
11. V. M. Kadets, R. V. Shvidkoy, G. Sirotkin, and D. Werner, Banach spaces with the
Daugavet property, Tran. Amer. Math. Soc. 352 (2000), 855–873.
12. A. Koldobsky, Isometric stability of certain Banach spaces, Canad. Math. Bull. 38 (1995),
93–97.
13. S. Kwapien´, On Banach spaces containing c0, Studia Math. 52 (1974), 187–188.
14. P. K. Lin, Isometric stability of Banach spaces, Collect. Math. 48 (1997), 679–686.
15. J. Lindenstrauss and L. Tzafriri, “Classical Banach Spaces II,” 1st ed., Modern Surveys in
Mathematics, Vol. 97, Springer-Verlag, Berlin/Heidelberg/New York, 1979.
16. G. Pisier, Une proprie´te de stabilite´ de la classe des espaces ne contenant pas l1, C. R.
Acad. Sci. Paris Se´r. A 86 (1978), 747–749.
17. P. Wojtaszczyk, “Banach Spaces for Analysts,” 1st ed., Cambridge Univ. Press, Cambridge,
UK, 1991.
